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1 
Let G be a finite abelian group. For a sequence S of group elements let 
C(S) denote the set of elements which occur as sum over a nonempty 
subsequence of S. Davenport’s constant D(G) is defined as the smallest 
integer d such that 0 E C(S) for every sequence S with 1 S] = d. 
H. Davenport pointed out in which way this constant is connected to 
algebraic number theory (Midwestern Conference on Group Theory and 
Number Theory, Ohio State Univ., 1966): let K be an algebraic number 
field with a ring of integers R and an ideal class group G; then D(G) is the 
maximal number of prime ideals (counted with multiplicity) which can 
occur in the prime ideal decomposition of an irreducible element of R. 
For this reason Davenport’s constant plays an important part in the 
theory of non-unique factorization (e.g., [ 10, Theorem 9.5; 8, Satz 11). 
Furthermore, it has some connection with problems in graph theory (cf. 
Cl; 61). 
The problem of determining D(G) is one of the so-called zero-sum 
problems in finite groups for which there has been a renewed interest 
during the last years. For some recent developments in this area see [4; 51 
and the literature cited there. 
Let C, denote the cyclic group with n elements. For a finite abelian 
group, G, we define the rank of G as follows: if G = C,, @ . . . @ C,r with 
1 < n, 1 n, 1 . . .I n,, then the number of summands in the above decomposi- 
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tion of G is denoted by r = r(G) and called the rank of G. In addition, 
define M(G) as M(G) = 1 +C;=, (n,- 1). It was P. Erdos who first conjec- 
tured D(G) = M(G) for the case G = C’i with p > 2 prime [9]. Obviously 
D(G) > M(G) for every G; equality was proved for various types of groups. 
) = M(G) in each THEOREM 1. Let G be a finite ahelian group. Then D( G 
of the following cases: 
( 1) G is a p-group. 
(2) G has rank r<2. 
(3) G=G,OC,i,,, where G , is a p-group and pk > M( G, ). 
(4) G = C i 673 C1,, with odd n. 
(5) G = Czpk, 0 Cz,hz 0 CzP~, with p prime. 
(6) G=C,OC:,, withpJnforeveryprimep>ll. 
Parts (1) and (2) were shown independently by J. E. Olson [ 1 l] and 
D. Kruyswijk [2]; (4) is due to P. C. Baayen [3]; (3), (5), and (6) were 
proved by P. C. Baayen, P. van Emde Boas, and J. H. van Lint [6]; for 
further series with D(G)=M(G) see [7]. 
The conjecture stated in [2, 111 that D(G) = M(G) holds in general, 
turned out to be wrong, as the following counterexample shows [7]. 
THEOREM 2. Let n >, 2, k b 2, gcd(n, k) = 1, 0 d p d n - 1, and 
G=C;k-““+P@Ckn. 
(1) Zfp> 1 and pfn (modk), then D(G)aM(G)+p. 
(2) Zfp<n-2andx(n-p+l)$n (modk)foran~xE{l,...,n-1}, 
then D(G)>M(G)+p+ 1. 
In this note we first point out that the interesting groups G with 
D(G) > M(G) are those with small rank (Lemma 1). There was known 
exactly one group G with rank 4 and D(G) > M(G), i.e., G = Ci @ C, 
(Theorem 2 with n = 3, k= 2, and p = 0). Theorem 3 now provides 
infinitely many groups G with rank 4 and D(G) > M(G). The problem 
whether there exist groups G with rank 3 and D(G) > M(G) remains open. 
But it is one aim of our results (see especially Corollary 1) to show that the 
phenomenon, D(G) > M(G), is not an exceptional one, but appears rather 
frequently. 
2 
LEMMA 1. Let G=C,,@ . ..@C’., with 1 <n, I...In,, H=C,,,,@...@ 
C,, with 1 <m, 1 ... 1 m,, mi,=nj for 1 <j<r, and indices 1 <i, < ... < 
i, d s. Then D(G) > M(G) implies D(H) > M(H). 
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ProoJ We write H in the form H = GOG’ with G’ being abelian of 
rank s - r. Then M(H) = M(G) + M(G’) - 1. Let S = (g,, . . . . g,) be a 
sequence in G with m 2 M(G) and 0 4 Z(S). For a system of generators 
fe I, . . . . e.$-,} of G’ we define a sequence S’ = (e, , . . . . e, , . . . . e, _ r, . . . . e,- ,), 
where ei occurs (ord(e;) - 1)-times for 1 <id s-r. Then Is’1 = M(G’) - 1 
andO$C(S’).Finally, weput T=SuS’=(g, ,..., g,,e ,,..., e ,,..., espr ,..., 
e,s_ ,). Since 0 4 Z(T), it follows D(H)> ITI >,M(G)+M(G’)- 1= 
M(H). I 
THEOREM 3. D( C, 0 C i 0 C2,,) > M(C, 0 C i@ Cl,,) for eoery odd m, n 
with m 3 3 and m I n. 
Proof: Let m, n be odd with m 2 3 and m ) n, G = C, @ C f 0 CZn, 
i e,,e2,e3,e4) a system of generators of G with ord(e,) =m, ord(e,) = 
ord(e,)=n, and ord(e,)=2n. We set g,= -e,+ez+e,+e,, g,= 
e,-ee,+e3+e4, g, = e, + e2 - e3 + e4, g, = -e, + ez + e3 - e4, g, = 
e,+e,+e,+e,, g,=e,+(2-m)e,+(2-m)e,, and g,=(2-m)e,+ 
e3 + (2 - m)e4. Consider the sequence S which contains g, (m - l)-times, 
gj (n-1)-times for 2<i<5 and g,, g, once. Then (Sj=m+4n-3= 
M(G); we assert that 0 $ C(S). 
Assume to the contrary, that there are I, E { 0, . . . . m - 1 }, I,, . . . . I, E (0, . . . . 
n-l},andl,,l,~(O,l)such thatC7_,lj>OandC~=,Iig,=0. 
We obtain the following system of congruences: 
I. -1,+1~+13-14+15=0 (modnz) 
II. I, - I2 + I, + 1, + I, + I, + (2 - m) I, z 0 (mod n) 
III. l,+l,-l,+14+15+(2-m)l,+I,=0 (modn) 
IV. 1, + 1, + f3 -1, + I, + (2 - m)l, + (2 - m)l, E 0 (mod 2n). 
Case 1. 1, = I,. By subtracting III from II we obtain -21, + 21, s 0 
(mod n) and thus I, = I,; IV - I gives 21, + 41, E 0 (mod m) and therefore 
I, = I, (m - 2). From II we conclude that 1, + 1, + 1, = 0 (mod n). 
If I, + l5 + I, = 0, then I, = I, = I, = 0 = 1, = 1,; so IV implies 1, + I3 E 0 
(mod 2n); therefore 1, = l3 = 0 and thus xj’=, 1; = 0, a contradiction. 
If l,+l,+l,=n, then 14+I,+l,=n (mod 2n). Adding IV we obtain 
21, + 21, + 31,- l,m rn (mod 2n). Since 2 1 31,-l,m, it follows 2 1 n, a 
contradiction. 
Case 2. 1, #I,. Without loss of generality we assume 1, = 1 and 1, = 0. 
From IV-I it follows 21, + 2~0 (mod m) and so 1* =m- 1. IV-III 
yields 21, - 21, E 0 (mod n) which implies I, = I,. Then IV gives 
1, + I, + 1 = 0 (mod 2n), a contradiction. 1 
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COROLLARY 1. For every finite abelian group G there exists a finite 
abelian group G’ such that D(G @ G’) > M(G @ G’) and r(G @ G’) < 
r(G) + 4. 
Proof This follows from Lemma 1 and Theorem 3. 1 
THEOREM 4. D( C: @ Czm @ C2,,) > M( C 3 0 C,, 0 Czn) for every odd m, 
n with mal, na3 andm 1 n. 
Proof Let m, n be odd with m > 1, n b 3 and m 1 n. Further let 
{e, , . . . . e5} be a system of generators of G = C’: @ C,, @ C,, with 
ord(e,)= . . =ord(e,)=2, ord(e,)=2m and ord(e,)=2n. The proof is 
divided into the cases m = 1 and m 3 3. 
Case 1. m=l. Wedefinegi=ei+e,for 1<i<4,g,=ez+e,+e,+e,, 
g, = e, + e3 + e4 + e5, g, = e, + e2 + e4 + es, and g8 = e, + e, + e3 + 2e,. Let 
S = (g, , . . . . g,, g,, . . . . g,), where g, , . . . . g, occur once and g8 occurs 
(2n - 3)-times. Then ISI = 2n + 4 = M(G), and it has to be shown that 
0 #C(S). 
Assume that there are I,, . . . . 1, E (0, 1 } and I8 E (0, . . . . 2n - 3 ). such 
that Cp=, li > 0 and xF=, l;g, = 0. This gives the following system of 
congruences: 
I. I, + I, + I, + I, E 0 (mod 2) 
II. l,+l,+l7+1,=0 (mod2) 
III. I, + I, + I, + I, = 0 (mod 2) 
IV. /4+/5+16f17=O (mod2) 
V. 1,+1,+1,+1,+1,+1,+17+21,~0 (mod2n). 
Summing up I, II, III, and IV we obtain Cy= 1 li z 0 (mod 2); therefore 
V implies 1, =O (mod 2) and so 1,<2n-4. Since O<Cy=, lj+218 6 
7 + 4n - 8 < 4n, it follows that xy= I li + 21, = 2n. So (II + 1, + 1,) + 
(12 + 1, + I, + 1,) + 21, = 2n. From 4 t 2n and 4 1 21, we conclude that 
4 [ (1, + 1, + 17) + (12 + 1, + 1, + 1,). Because 1, + 1, + I, = 0 (mod 2) and 
1, + 1, + 1, + 1, = 0 (mod 2) there remain two cases: 
Case 1.1. 1, + I, + I, + 1, E {0,4) and 1, + 1, + 1, = 2. Since l2 + I, = 0 
(mod 2), II implies 1, = 0. Similarly, it follows from l3 + 1, = 0 (mod 2) and 
from III that 1, = 0. Therefore 1, + I, + 1, d 1, a contradiction. 
Case 1.2. l2 + 1, + 1, + 1, = 2 and 1, + 1, + 1, = 0. From IV we obtain 
1, = 1,. This and I:= 1 1, = 2 imply 1, = 1, and 1, # 1,. Finally, we consider 
III: 0 E 1, + 1, + 1, + 1, = 1, + 1, (mod 2), a contradiction. 
Case 2. m>3. Let g,=ej+e., for l<i<3, g;=e,-.,+e, for 4<id6, 
g, = e, + e, + e3 + c,, g, = -2e, + e5, g, = e, + el + e3 + 2e,, and g,, = 
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q-2e,+2e,. We set S= (gl, . . . . g,, g,, . . . . g,, glo, . . . . glo), where gl, .-, g8 
occur once, g, occurs (2m - 3)-times and g,, occurs (2n - 3)-times. Hence, 
1 Sl = 2m + 2n + 2 = M(G), and we assert that 0 # C(S). 
Assume that there exist 1,) . . . . 1, E (0, 1 }, 1, E (0, . . . . 2m - 3}, and 
110 E { 0, . . . . 2n - 3) with Et”=, li > 0 and zfl, lig, = 0. Again we obtain a 
system of congruences: 
I. 1,+14+17+/9-O (mod2) 
II. 1, + 1, + 1, + 1, = 0 (mod 2) 
III. 1, + 1, + 1, + 1, + I,, = 0 (mod 2) 
IV. 1, + l2 + l3 + 1, - 21, + 21, - 21,, = 0 (mod 2m) 
V. 1, + l5 + 1, + 1, + 21,, = 0 (mod 2n). 
We define a, = 1, + 1, + 1, + 1, - 21, + 21, - 2110 and a, = 1, + 1, + 1, + 
I, + 21,,. From 0 da, 6 4 + 4n - 6 < 4n it follows that a, E {0,2n}. 
Assume a, =O; this implies I,= 1, = 1, =1,=1,,=0. From I, II, III it 
follows that I, = 1, = 1, and thus 1, = 1, by IV. Then I yields 1, - 0 (mod 2) 
and, therefore, 4 1 a,. Because of 0 6 a, 6 4 + 4m - 6 <4m we obtain 
a,=0=1,=1,=1,=1,=1,, a contradiction to cf”, li>O. 
So in the sequel we assume a2 =2n. From a,=0 (mod 2) it follows that 
1, + 1, + 1, + I, = 0 (mod 2) and we distinguish the cases 1, = 1, = 1, = I, and 
1, + 1, + 1, + I, = 2. In both cases we use that 1, + l9 + I,, is even (consider 
I+II+III-IV-V!). 
Case 2.1. 1, = 1, = 1, = 1,. Hence I,, = n - 21,. Since 1, = 1, = 1, and I,, 
odd, we obtain 1, = 1, # 1, by I, II, III. Because 1, + 1, + I,, z 0 (mod 2), III 
implies 1, = 1,. Therefore a, = 21, + 21, - 21, + 21, - 2(n - 21,) = 2 + 21, - 
2n+21,=0 (mod2m). Thus l+I,+l,=O (modm), and so l,=m-l-l,, 
which contradicts 1, + 1, + I,, = 0 (mod 2). 
Case 2.2. 1, + 1, + 1, + I, = 2. Then l,, = n - 1. Since I,, I,, 1, are not 
pairwise equal, I,, l,, I,, too, are not pairwise equal by I, II, III. 
From a, ~0 (mod 2) it follows that 1, + 1, + 1, + 1, -0 (mod 2) and so 
I, + 1, + 1, + 1, = 2. Therefore, a, = 2 - 21, + 21, - 2(n - 1) = 4 - 21, + 21, = 0 
(mod 2m). Hence 2 - I, + 1, E 0 (mod m), which implies 1, = m + 1, - 2. 
This is a contradiction to 1, + 1, + I,, = 0 (mod 2). 1 
COROLLARY 2. Let G = C$ 0 C?,, with n > 3 odd and k > 1. Then 
D(G) = M(G) if and only if k d 3. 
Proof: This follows immediately from Theorem 1.4, Theorem 4, and 
Lemma 1. m 
THEOREM 5. D(C~@C,,,)>M(C~OC,,) for every n22 and every 
ma2 with m I n-l. 
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ProoJ Let n > 2 and let m > 2 be a divisor of n - 1. In addition let 
(e,, . . . . e n + , ) be a system of generators of Ct @ C,,, with ord(e, ) = . = 
ord(e,,) = II and ord(e,, + I )=nm. We define g,=C:=f; e,, h,=C:‘=, e,+ 
nen+l and gi=ei+e,,+,, h,=e,+ne,,+, for 1 <i< n. Consider the 
sequence S which contains g, (mn - n - 1 )-times, g, (n - 1 )-times for 
1 <i<n and hi once for O<i<n. Then ISI =n*+mn-n=M(Cz@C,,,,). 
The proof that O$Z(S) is of similar type and length as before. 1 
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